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Motivations

Let Po(RY) = {1 € P(RY), [|lz|3 du(x) < o}, F: P2(R?) — R.

Goal:

in  F
Lomn (1)

Applications:

Sampling from v o e="" (Wibisono, 2018)

e Generative modeling

e Learning neural networks (Mei et al., 2018; Chizat and Bach, 2018)
¢ Modeling dynamic of population of cells (Schiebinger et al., 2019)

Example of functionals

. Free energles F(p)= [Vdu+ [[ W(z,y) du(z)du(y) + H(n) where
= [log (u( )) p(zx) for u < Leb

. .7-'( ) = KL(p||lv) = [ Vdp + H(u) + cst for sampling from v oc e~V ()

e F(u) = D(u,v) for sampling from v




Table of Contents

Detour by R?



Gradient Descent on R
Let f:R? = R.
Goal: min,cge f(x) via gradient flow

d(L‘t

i —Vf(x:), o=



Gradient Descent on R

Let f:RY - R.
k=100
Goal: min,cge f(x) via gradient flow —descent| | |20
\—flow
dz, 15
1 = V@), wmo=1o ?ﬂ\ *‘0
5

Main algorithm: Gradient Descent (GD)
Vk >0, 41 = — TV f(2k) From (Bach, 2020)

1
= argmin §||a: — xk||% + 7(Vf(xg),x — xp)
rERd



Gradient Descent on R
Let f:R? — R.

k=100
Goal: min,cge f(x) via gradient flow

—descent, | {20
—flow

dlEt 15

T =-Vf(xs), x0=20 o

Main algorithm: Gradient Descent (GD)

Vk >0, 41 = — TV f(2k) From (Bach, 2020)

1
= argmin §||x — xk||% + 7(Vf(xg),x — xp)
rERd

Convergence Analysis

o f B-smooth = f(wrt1) < flzk) — 55V (ze)l3 = f(ax) — 8\l zpr1 — 23

e f B-smooth and a-convex = f(xy) — f(z*) < Bz_—kaﬂxo —z*||3

Reminder:

e f B-smooth <= Va,y €R?, f(z)— f(y) — (VF(y),z —y) < llz —yll3

L2
e f a-convex <— f — a% convex
2
— /20



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : R? — R be strictly convex, then the Bregman divergence is defined as

Vz,y € R, dy(z,y) = ¢(x) — d(y) — (Vo(y), z — y).

ﬁzo\



Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : RY — R be strictly convex, then the Bregman divergence is defined as

Vz,y € RY, dy(z,y) = ¢(z) — ¢(y) — (Vo(y),z — ).

Mirror Descent algorithm:

Vk >0, zpy1 = argmin dy(z,zx) + 7(Vf(2k), 2 — x1)
z€ER

=V¢* (Vo(zr) — 7V f(zr)).
Remark: For ¢(z) = 1||z||3, MD = GD and dg(z,y) = 3|z — yl|3
Vo(xi)

[
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Mirror Descent on R? (Beck and Teboulle, 2003)

If f not B-smooth: no guarantees for GD — change geometry

Definition (Bregman Divergence)

Let ¢ : R* — R be strictly convex, then the Bregman divergence is defined as

Vz,y € R, dy(z,y) = ¢(x) — d(y) — (Vo(y), z — y).

Mirror Descent algorithm:

Vk >0, zp41 = argmin dg(x, zk) + 7(Vf(xk), z — x8)
zER

= Vo (V(zr) — TV (1))

Remark: For ¢(z) = £||z(|3, MD = GD and dg(z,y) = 3|z — yl|3

Convergence analysis (Lu et al., 2018)

e f [-smooth relative to ¢, i.e. df(z,y) < fdg(x,y) (equivalently ¢ — f convex)
= f(zr1) < far) — Bdy(wh, Tro1)

e f B-smooth and a-convex relative to ¢, i.e. adg(z,y) < df(z,y) (equivalently

f — a¢ convex) = f(xx) — f(a*) < B_To‘d¢(a:*,mo)

B /20




Preconditioned Gradient Descent (Maddison et al., 2021)
Let h: R? — R strictly convex, g : R* — R.
Preconditioned Gradient Descent scheme:

Vk >0, yrr1 = yx — TVA (Vg(yr))

= argmin h <w> T+ (Vg(yr), ¥ — Yr)
yERd T



Preconditioned Gradient Descent (Maddison et al., 2021)

Let h: R? — R strictly convex, g : R* — R.

Preconditioned Gradient Descent scheme:
Vk >0, yrr1 = yx — TVA (Vg(yr))

= argmin h <w> T+ (Vg(yr), ¥ — Yr)
yERd T

Closely related to MD (Kim et al., 2023) as for g = ¢*, h* = f, y = V¢(x),

Vé(ht1) = Vo(zr) — TV f(ar) <= i1 = V" (Vo(ar) — TV f(r)).



Preconditioned Gradient Descent (Maddison et al., 2021)

Let h: RY — R strictly convex, g : R — R.

Preconditioned Gradient Descent scheme:

Vk >0, yrr1 = yx — TVA (Vg(yr))
= argmin h (yk_y> T+ (Vg(yr), ¥ — Yr)
yERd T

Closely related to MD (Kim et al., 2023) as for g = ¢*, h* = f, y = V¢(x),

Vé(ht1) = Vo(zr) — TV f(ar) <= i1 = V" (Vo(ar) — TV f(r)).

Convergence analysis (Maddison et al., 2021)

* h* B-smooth relative to g* => h*(Vg(yrt1)) < h*(Vg(yr)) — Bdg(Yr+1, Yk)
e h* [B-smooth and a-convex relative to g*

— Vk>1, h*(Vg(yr)) — h*(0) < %52 (g(0) — 9(y")
= Vk >0, g(yx) —9(y*) < (1 —a/B)*(9(v0) — 9(y*))




Relation between MD and Preconditoned GD

9 Dual Space Preconditioning for Gradient Descent h
I g
| A s

Chris J. Maddison*”, Daniel Paulin®", Yee Whye Teh?, and Arnaud Doucet?

Al

Mirror descent

Al

1.1 Dual preconditioned gradient descent

1
Vo (zip1) = Veo(z:) — %Vf(xi) it1 = zi — 77 VE(VS(2:)

Mirror Descent: ’ )

Vw(zit1) = Vw(z;) — %Vf(mi)é

iDuaI spacé._

-Vw

s,
",

% Primal space ¢ % Primal space

0
in

Figure: Taken from a tweet of Konstantin Mishchenko *

Ihttps://mobile.x.com/konstmish/status/1431983100561592323/photo/1 5/
— 20


https://mobile.x.com/konstmish/status/1431983100561592323/photo/1

Table of Contents

Wasserstein Gradient Flows



Wasserstein Geometry (Ambrosio et al., 2005)

Definition (Wasserstein distance)

Let p1, v € Po(R?) and denote by II(, ) the set of coupling between 1, v. Then,
the Wasserstein distance is

Wi =_int [ lle =l drta.p)

Properties:
e W, distance, (P2(R%), Ws): Wasserstein space
e Riemannian structure (with geodesics and tangent space 7, P2(R%) C L?(y))
o Wasserstein gradient Vi, F(u) € T, P2(R?) of F at  satisfies for all T € L?(p),

F(Tgp) = F(w) + (Vwo F (), T = Id) 2y + o(||T — 1d|| L2 ()

) =V
W(u) _2ffo— ) du(z)d (),VW2W(u)=VW*u




Wasserstein Gradient Descent

T, Po(R?) © L*() ik

\IHI =Id — 7Vw, F ()
\

fir = (Togn) s un

Py (RY)

Wasserstein Gradient Descent:
Trt1 = argminge () 31T = 1dl|720, + T(VWa F k), T = Id) 2,
P1 = (Trp1)wpin

Taking the FOC: Ty41 = Id — 7V, F (1)

Particle approximation: i} = 5 371", 6., 2Pt = Ty (F) for all

ie{l,...,n}.



Contributions

Study schemes of the form

Tk+1 = argminTeLz(M) d(T,Id) + T<VW2J_'.(,UJ]€),T — Id>L2(Hk)
Pt = (Trgr)ppin,

and provide convergence conditions.

Considered divergences:

e For d(T,1d) = £||T — Id||2Lz(#): Wasserstein gradient descent

* Fordy,(T,1d) = ¢,(T) — ¢,(Id) — (V¢,(Id), T —1d) z2(,) (Bregman
divergence on L?(p)): extends Mirror Descent (Beck and Teboulle, 2003) to
Pa(RY).

e For d(T,Id) = [ h(T(z) — ) du(z): extends Preconditioned Gradient
Descent (Madd|son et aI 2021) to P(R?).
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Mirror Descent and Preconditioned Gradient Descent on Py(R%)



Background on L?(1)

Definition (Bregman Divergence (Frigyik et al., 2008))

Let ¢,, : L?(u) — R be convex. The Bregman divergence is defined for all
T,S € L?(p) as

ddm (T,S) = ¢M(T) - ¢M(S) - <V¢M(S)a T- S>L2(u)~

o If $u(T) = LITI320, do, (T.S) = 3T = 8|2,
e We call ¢,, pushforward compatible if there exists ¢ : Po(R?) — R such that

Vi € P2(R?), VT € L*(1), u(T) = ¢(Typr)-

In this case, if ¢ is W-differentiable, then ¢,, is Fréchet differentiable and
Vou(T) = Vw,¢(Tyu) o T



Relative Convexity and Smoothness
Let ¢, 1y« L* (1) — R convex, F,G : Po(RY) — R.
Define F,(T) = F(Typ), Gu(T) = G(Txp).

Relative smoothness/convexity on L?(u)

e ¢, is -smooth relative to v, if for all T,S € L?(u), dg, (T,8) < Bdy, (T,S).
* ¢, is a-convex relative to 1), if for all T,S € L?(u), dy, (T,S) > ady, (T,S).

Relative smoothness/convexity on P,(R%)

Relative smoothness/convexity along a curve p; = (T¢)4p with
T; = (1—1t)S+tT for all t € [0,1], T,S € L?(u).

e F B-smooth relative to G along t — p; if Vs, t € [0, 1],
d]:—u (Tsa Tt) S Bdg"u (T57 Tt)

o F a-convex relative to G along ¢ — py if Vs, t € [0,1],

dj‘ (TsuTt) > Oédg (TsuTt)
© © /“\
— /20




Mirror Descent on the Wasserstein Space

Let ¢,, : L?(u) — R be strictly convex, proper and differentiable.

Mirror Descent scheme:
Tk+1 = argminTeH(M) d¢’uk (T, Id) + T<VW2]:(/M€), T — Id>L2(lJ4k)
1 = (Try1) ik

By FOC: Vo, (Thy1) = Vo, (Id) — 7Vw, F (1)

Computing the scheme:
e For ¢,(T) = [V oT du, Try1 = VV*0 (VV = 7Vw, F (1))
e For ¢, pushforward compatible (i.e. ¢, (T) = ¢(Typu) with ¢ : Po(R?) — R):

Vw,d(tk+1) © Ter1r = Vw, d(px) — 7Vw, F (k)

In general: implicit in Tyy; — Newton method

11/20



Descent Lemma

Let ¢,, : L?(u) — R be strictly convex, proper and differentiable.
Mirror Descent scheme:

Tk_;,_] = argminTeLz(uk) d¢uk (T, Id) + T<VW2.F(Mk), T — Id>L2(;L;€)
1 = (Th1)gehtn-

Proposition (Descent Lemma)

Assumptions:
e Forallk >0, F is B-smooth relative to ¢ along t — ((1 —t)Id + tTkH)#,uk
Then, for all k > 0,

Fpr41) < F(pk) — Bdg,, (Id, Try1).

12/20



Convergence
Assumptions: Let § > 0, > 0 and Tgﬁ;’ﬁ = argminy,,, —,+ dg,, (T,1d).
 F f-smooth relative to ¢ along t — ((1 —t)Id + tTkH)#,uk

o F a-convex relative to ¢ along t — ((1 —t)Id + tTiZ;f‘*)#uk

* Assume dg, (Tgﬁ:‘*,TkH) 2 dg,, ., (Tgﬁ::l”*,ld)

Then, for all k > 1, F(ux) = F(u*) < 552y, (T4 1d).
. k .
Ifor>0, forall k >0, dg, (T4 1d) < (1 - %) g, (THH 1),

MO

Let ¢, be pushforward compatible. Define the OT problem:
o) = __int  6(0) — ()~ [(Vw,(0)(w).2 — ) dr(a,p)
ye(v,p)
<dg, (T,8) for (T,S)xn e (v, u)
Property: If 4 < Leb and Vy,¢(p) is invertible, then v* = (Tg’:,Id)#,u, and
Wy (v, pu) = dg, (Tgf, Id).

13/20



Preconditioned GD

Let h: R* — R strictly convex, proper and differentiable.

Preconditioned Gradient Descent scheme: Let ¢>h = [hoTdy,

Tk+1 = argminTeszk) ¢Zk (Id;T) T+ <VW2]:(:U’k)a T - Id>L2(Hk)
Prt1 = (Thg1) ik
By FOC: Tjy1 = Id — 7Vh* o Vi, F(ur)

Under relative smoothness and convexity of ¢Z* relative to F*:

¥k >0, ¢ (VwaF (1)) < 0, (Vwa Flur)) = Bdz, (Tesn,1d),

v > 1, 6l (Vw, Fu)) —h*(0) < 7 — (Fluo) = F ().

14/20
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Showing Relative Smoothness and Convexity

Smoothness and convexity of F : Po(R%) — R relative to ¢ : Po(R?) — R?
o Let F(u) = [ Vdp and ¢p(p) = [Udp:

V' B-smooth relative to U = F [-smooth relative to ¢
V' a-convex relative to U = F a-convex relative to ¢

o Let F(p) = [[W(z —y) du(z)du(y) and ¢(p) = [[ K(z —y) dp(z)du(y):

W' B-smooth relative to K = F [-smooth relative to ¢
W «a-convex relative to K = F «-convex relative to ¢

e For F=G+H, dﬂ = d(jM +d7_~[M and F 1-convex relative to G and H
e In general: look at the Hessian



Mirror Descent on Interaction Energy
Goal: Let X € ST (R) possibly ill-conditioned,
1

min W(u) = // Wz —y) du(@)du(y) with W(z) = 2[lzl5-2 - %I\le%—l

Bregman potential: ¢,,(T) = [[ K(T(z) — T(y)) du(z)du(y) with

1 1
Ka() = 5ll2l3, K3() = 5llalE-s,

1 1 1 1
Ki(2) = glzlz + 5 ll=l3,  K3(2) = Zllzllz + Slzl5%1
4 2 4 2

>
W) K K t
1.0 12
-0.05{ — K> ----KQZ 10
Ky KE 051 4 Wr
~0.08 \ 8
-0.11 \\ 001 6
\ ¥
\\ J L 4
—0.14 AN —0.5 1 I
RN 2
—0.17 44 Sl N . . . . . . 0
0 5 10 -5 0 5 -1 0 1

Time ( 7 - iter)
16
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Mirror Descent on Gaussian

Goal: )

min F(u /Vdu—!—?—[( ) with V(z) = ixTZ_lx
n

— minimum p* = N(0,%).

Comparison between:
e Forward-Backward (FB) on the Bures-Wasserstein space (Diao et al., 2023)

e Preconditioned Forward-Backward (PFB) scheme with ¢(u deu
e NEM: MD with ¢(u) = H(u) and restriction to Gaussian
KL (g |[1*)
10—2 m
1076.
10- 4 —— NEM (ours)
—— PFB (ours)
10-14 -
— FB
0 2 4 6 8 0 12 14

Time ( 7 - iter)
17
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Preconditioned GD on Single-Cells

Goal: min, F(u) = D(u,v) with py untreated cell and v perturbed cell
Use PGD with 2*(z) = (||z[|$ 4+ 1)Y/* — 1 with a € {1.25,1.5,1.75}, which is well
suited to minimize functions growing in ||z — z*||%/(*=1) near z*.

7 2 —
| F() = SW.v) | [ Fw) = S2a(.v) F(u) = ED(pv)
F(p) #iters convergence F(@) #iters convergence F(i) #iters convergence
b=l 104 °
g Ar ~° :
2 ’ o N
Fo 10 o2 |... ] 10 o
z ‘w o BB 10 ]
It 3 3 10 B3
=5 10t 102
2 (| P
z %% ° 10 E
£ 4 & 0] w 3 %%
A ‘q ® i
02 it b o 3 1 102 B3
without precond.  without precond. without precond. without precond. without precond. without precond.

Rows: 2 profiling technologies

Columns/subcolumns: Different objectives F/measure of convergence and number of iterations
to converge

Points: For treatment 4, z; = (x;,y;) with z; value of F (i) = D(ji,v) (1st subcolumn) or
number of iterations (2nd subcolumn) without preconditioning and y; with preconditioning

Colors: treatments

— Points below the diagonal: PGD provides a better minimum or converges faster



Conclusion

Conclusion:

Mirror Descent on Py(R%)

Preconditioned Gradient Descent on P2(R%)
e Convergence analysis of the discrete schemes

Also in the paper: analysis of the Bregman Forward-Backward scheme

Perspectives:
e Find more examples satisfying the conditions

e Analyze the Gaussian MD scheme



Conclusion

Thank you!

Paper: https://arxiv.org/abs/2406.08938

oo



https://arxiv.org/abs/2406.08938
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